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Abstract
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proximate their common fixed points in the context of Banach spaces, we give a multivalued
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1 Introduction

Fixed point theory for multivalued mappings is a foundational topic in mathematics, offering
powerful tools for solving problems in diverse scientific and engineering domains. Górniewicz
[10] developed the topological framework of fixed point theory for multivalued mappings. Mul-
tivalued maps as effective tools in mathematical modeling and rigorous numerics were high-
lighted by Kaczyński [16]. Strong convergence results for fixed points of multivalued mappings
in Hadamard spaces were established by Salisu et al. [30]. More recently, Thangaraj et al. [40]
demonstrated applications of multivalued fixed point theory in the generation of fractals via iter-
ated function systems. The foundation of this theory lies in classical fixed point theorems, such
as those of Brouwer [8] and Banach [6], which have been extended for multivalued mappings.
Markin [18] in the Banach spaces and Nadler [20] in complete metric spaces extended the Banach
fixed-point theorem to multivalued mappings. Kakutani’s [17] theorem extends Brouwer’s result
by considering upper semicontinuous multivalued maps with compact convex values. Multival-
ued mappings connect each point in the domain to a set of points in the codomain, introducing a
higher level of complexity and depth to the analysis.

In recent years, significant progress has been made in developing efficient iterative schemes
for single-valued mappings that complement and inspire similar investigations in the multival-
ued setting. Iterative processes such as the D* [13], AG [15], F* [14], D-plus [4] and Picard-like
schemes [21] have demonstrated improved convergence and stability characteristics, while others
have addressed split fixed point problemwithmultiple output sets in CAT(0) spaces [28] and iter-
ative fixed-point schemes in digital metric spaces [34]. These advancements in constructing faster
and more stable iterative methods provide valuable insights that motivate the extension of such
ideas to multivalued mappings, where the analysis becomes more intricate due to the set-valued
nature of the operators.

Multivalued analogues of generalized single-valued mappings have been studied extensively:
Suzuki [39] established fixed point and convergence theorems for generalized nonexpansivemap-
pings, Aoyama and Kohsaka [5] studied α−nonexpansive mappings, Pant and Shukla [24] pro-
posed iterative schemes for approximating fixedpoints of generalizedα−nonexpansivemappings,
Abkar and Eslamian [2] extended these results to multivalued mappings, and Sadhu and Na-
hak [29] further investigated common fixed points of generalized α−nonexpansive multivalued
mappings using modified S-type iteration. Numerous authors have explored iterative methods
for approximating fixed points of multivalued mappings, employing a range of iterative schemes.
Sastry and Babu [31] established the convergence of multivalued nonexpansivemappings to fixed
points in Hilbert spaces using Mann and Ishikawa iteration methods. Building on their work, Pa-
nyanak [25] extended these results to themore general setting of uniformly convex Banach spaces.
Song [38] strengthened the study of iterative processes for multivalued mappings by introducing
a stronger requirement, known as the endpoint condition, to ensure convergence in Banach spaces.
Shahzad and Zegeye [35] then extended this framework tomultivalued quasi-nonexpansivemap-
pings using the projection operator PΨu = {v ∈ Ψu : ||u − v|| = d(u,Ψu)}. Shaddad et al. [33]
derived fixed point results for multivalued mappings in cone metric spaces, generalizing classi-
cal metric space results. Patel et al.[26] derived fixed point theorems for distinct mappings un-
der novel rational contraction frameworks that employ altering distance functions within Hilbert
spaces. For the study of multivalued versions of well-known iterative schemes, Abdeljawad et al.
[1] investigated iterative approximation of endpoints for multivaluedmappings in Banach spaces.
Noor-type iteration schemes formultivaluedmappings inCAT(0) spaceswere analyzed by Pathak
et al. [27].

Akutsah and Narain [3] introduced a broad class of single-valued nonexpansive mappings,
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referred to as generalized (α, β) nonexpansive type-1 mappings, motivated by which, in this pa-
per, we investigate the class of multivalued generalized (α, β) nonexpansive type-1 mappings.
The paper is structured as follows: In Section 2, we go over the preliminaries and necessary ter-
minology. Multivalued generalized (α, β)−nonexpansive type-1 mappings are defined and fixed
point results are investigated within the settings of Banach spaces in Section 3. Furthermore, a
multivalued extension of the M-iterative procedure is presented for convergence and approxima-
tion of common fixed point of three suchmappings. Additionally, stability results are obtained for
these mappings and supporting numerical examples are provided to illustrate the suggested ap-
proach’s convergence behaviour. Finally, the existence of a solution to the system of Volterra-type
integral inclusion equations is shown in Section 4 using our proposed iterative process.

2 Preliminaries

For clarity and ease of reference, we first outline the notations used throughout themanuscript.

Notation Meaning
(M, ∥.∥) Banach space
T nonempty subset ofM
CB(T ) set of all nonempty bounded closed subsets ofM
CP(T ) set of all nonempty compact subsets ofM
KC(T) set of all nonempty compact convex subsets ofM
P(T) set of all nonempty proximinal bounded subsets ofM
Ψ multivalued mapping
u, v, w arbitrary points of the set T
PΨ projection operator

A set T ⊂ M is proximinal in a normed linear spaceM if for every u ∈ M, there exists v ∈ T
satisfying ∥u− v∥ = d(u, T ), d(u, T ) = inf ∥u− v∥ : v ∈ T.
Let P,Q ∈ CB(T ), then

H(P,Q) = max

{︃
sup
u∈P

d(u,Q), sup
u∈Q

d(u, P )

}︃
defines the Pompeiu-Hausdorff distance between the sets P andQ. A point g ∈ T is called a fixed
point of a multivalued mapping Ψ : T → CB(T ) if g ∈ Ψ(g). Let Ψ : M → 2M be a multivalued
map on a complete metric space (M,d) such that for every u, v ∈M,H(Ψ(u),Ψ(v)) ≤ θd(u, v) for
θ ∈ [0, 1), where H is the Hausdroff distance. Then, ∃g ∈M such that g ∈ Ψ(u). The multivalued
versions of several of the generalized single-valued mappings given in the literature are given
below.

Definition 2.1. A multivalued mapping Ψ : T → CB(T ) is said to be

(i) contraction [20] if H(Ψu,Ψv) ≤ θ ∥u− v∥ , for all u, v ∈ T, θ ∈ [0, 1),

(ii) nonexpansive [9] if H(Ψu,Ψv) ≤ ∥u− v∥ , for all u, v ∈ T,

(iii) quasi-nonexpansive [36], if F (Ψ) ̸= ∅ and H(Ψu,Ψg) ≤ ∥u− g∥ , for all u ∈ T, g ∈ F (Ψ), where
F (Ψ) is the set of all fixed points of the map Ψ,
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(iv) Suzuki generalized nonexpansive [2] if for u, v ∈ T,

1

2
d(u,Ψu) ≤ ∥u− v∥ ⇒ H(Ψu,Ψv) ≤ ∥u− v∥ ,

(v) α−nonexpansive if there exists α < 1, such that for all u, v ∈ T,

H(Ψu,Ψv)
2 ≤ αd(u,Ψv)

2
+ αd(v,Ψu)

2
+ (1− 2α)∥u− v∥2,

(vi) generalized α−nonexpansive mapping [29] if there exists α < 1, such that for all u, v ∈ T,

1

2
d(u,Ψu) ≤ ∥u− v∥

⇒ H(Ψu,Ψv) ≤ αd(u,Ψv) + αd(v,Ψu) + (1− 2α) ∥u− v∥ .

Definition 2.2. [3] A mappingΨ : T → T defined on a nonempty closed convex subset T of a real B.S.M
is said to be generalized (α, β)−nonexpansive type-1 mapping , if there exists α, β, η ∈ [0, 1) with α ≤ β
and α+ β < 1 such that for all u, v ∈ T,

η ∥Ψu−Ψv∥ ≤ ∥u− v∥

⇒ ∥Ψu−Ψv∥ ≤ α ∥v −Ψu∥+ β ∥u−Ψv∥+ (1− (α+ β)) ∥u− v∥ .

Definition 2.3. [22] “A B.S. M is said to have Opial property if for every weakly convergent sequence
{un} inM with weak limit v, we have

lim inf
n→∞

∥un − v∥ < lim inf
n→∞

∥un − w∥ , ∀w ∈M.” (1)

3 Main Results

3.1 Multivalued generalized α, β nonexpansive type-1 mapping

In this section, we extend Definition 2.2 to the multivalued mappings as follows.

Definition 3.1. Let (M, ∥.∥) be a B.S. and T be a subset (nonempty) ofM . A mapping Ψ : T → CB(T )
is said to be multivalued generalized (α, β)−nonexpansive type-1 (MGN (α, β)) mapping, if ∃ α, β ∈
[0, 1), η ∈ [0, 1] with β ≤ α and α+ β < 1, such that ∀u, v ∈ T,

η

2
d(Ψu, u) ≤ ∥u− v∥

⇒ H(Ψu,Ψv) ≤ αd(v,Ψu) + βd(u,Ψv) + (1− (α+ β)) ∥u− v∥ . (2)

Proposition 3.1. The following assertions follow from the above definition:

(i) Every mapping satisfying condition (iv) of Definition 2.1 is an MGN (α, β) mapping.

(ii) Every mapping satisfying condition (vi) of Definition 2.1 is an MGN (α, β) mapping.

(iii) Every MGN (α, β) mapping with F (Ψ) ̸= ∅ is a multivalued quasi nonexpansive map.
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Proof.

(i) If α = β = 0 and η = 1 in (2), then the MGN (α, β)mapping satisfies condition 2.1(iv).

(ii) If α = β and η = 1 in (2), then the MGN (α, β)mapping satisfies the condition 2.1(vi).

(iii) Since F (Ψ) ̸= ∅, let g ∈ F (Ψ). Therefore,

η

2
d(Ψg, g) < d(Ψg, g) = 0 ≤ ∥u− g∥ , for all u ∈ T.

Since Ψ is an MGN (α, β)mapping, ∃ α, β ∈ [0,1) such that

H(Ψu,Ψg) ≤ αd(g,Ψu) + βd(u,Ψg) + (1− (α+ β)) ∥u− g∥
≤ αH(Ψg,Ψu) + β ∥u− g∥+ βd(g,Ψg) + (1− (α+ β)) ∥u− g∥

⇒ (1− α)H(Ψu,Ψg) ≤ (1− α) ∥u− g∥

Since,α ∈ [0, 1), it followsH(Ψu,Ψg) ≤ ∥u− g∥ ∀ u ∈ T and g ∈ F (Ψ) i.e.,Ψ is amultivalued
quasi nonexpansive mapping.

The following example shows that the converse of above statements are not always true.

Example 3.1. Let T = [0, 6] be a subset of R with usual norm. Define a multivalued mapping Ψ : T →
CB(T ) as

Ψ(u) =

{︄
[0, u3 ] if u ̸= 6,

[0, 3] if u = 6.

Then, for the pairs (u, v) such that u = 6, v ∈
(︁
4, 245

]︁
and u ∈

(︁
4, 367

]︁
and v = 6, 1

2d(u,Ψu) ≤
∥u− v∥ , but H(Ψu,Ψv) > ∥u− v∥ , therefore the mapping Ψ does not satisfy Suzuki generalized
nonexpansive condition. But Ψ satisfies MGN (α, β) mapping condition for 1

19 ≤ β ≤ α ≤ 1
3 and

α+ β ≤ 2
3 .

Example 3.2. Let T = [0,∞) be a subset of R with usual norm. Define a multivalued mapping Ψ : T →
CB(T ) as

Ψ(u) =

{︄
[0, u2 ] if u ∈ [0,∞) \ {1} = A,

[0, 7
10 ] if u = 1.

Then, we verify that PΨ is an MGN (α, β) map but is not a generalized α−nonexpansive mapping.

If u ∈ A, then PΨu = {u
2 } and if u = 1, then PΨu = { 7

10}.We will prove that PΨ is an MGN
(α, β)map for α = 1

3 , β = 1
4 , η = 1.

Case 1: When u = v = 1,
η

2
d(u,PΨu) =

3

20
≰ 0 = |u− v|,

∴MGN (α, β) condition need not be checked for this case.
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Case 2: When u, v ∈ A, then, for all u, v such that

η

2
d(u,PΨu) =

1

4
u ≤ |u− v|,

αd(v,PΨu) + βd(u,PΨv) + (1− (α+ β)||u− v|| = 1

3
d(v,PΨu) +

1

4
d(u,PΨv) +

5

12
|u− v|

=
1

3
|v − u

2
|+ 1

4
|u− v

2
|+ 5

12
|u− v|

=
1

6
|u− 2v|+ 1

8
|2u− v|+ 5

12
|u− v|

≥ 1

8
|u− 2v|+ 1

8
|2u− v|+ 5

12
|u− v|

≥ 3

8
|u− v|+ 5

12
|u− v| = 19

24
|u− v|

≥ 1

2
|u− v| = H(PΨu,PΨv).

Case 3: When u = 1, v ∈ A, then, for all u, v such that

η

2
d(u,PΨu) =

1

4
u ≤ |1− v|,

1

3
d(v,PΨu) +

1

4
d(u,PΨv) +

5

12
|u− v| = 1

3
|v − 7

10
|+ 1

4
|1− v

2
|+ 5

12
|1− v|

≥
⃓⃓⃓⃓
9

10
− 7

8
v

⃓⃓⃓⃓
≥

⃓⃓⃓⃓
7

10
− v

2

⃓⃓⃓⃓
= H(PΨu,PΨv).

Case 4: When u ∈ A, v = 1, then, for all u, v such that

η

2
d(u,PΨu) =

1

4
u ≤ |u− 1|,

1

3
d(v,PΨu) +

1

4
d(u,PΨv) +

5

12
|u− v| = 1

3
|1− x

2
|+ 1

4
|x− 7

10
|+ 5

12
|u− 1|

≥
⃓⃓⃓⃓
5

6
u− 11

120

⃓⃓⃓⃓
≥

⃓⃓⃓⃓
u

2
− 7

10

⃓⃓⃓⃓
= H(PΨu,PΨv).

∴ PΨ is an MGN (α, β)map for α = 1
3 , β = 1

4 .

But, For u = 1, v = 0.1,we have

1

2
d(u,PΨu) =

3

20
≤ 9

10
= |u− v|.

However,

Ψ(PΨu,PΨv) =
13

20
>

37

60
= αd(v,PΨu) + αd(u,PΨv) + (1− (2α)||u− v||

=
1

3
.0 +

1

3
|1− 1

20
|+ 1

3
.|1− 1

10
|.

∴ PΨ is not a generalized alpha nonexpansive mapping.
The next result describes the behavior of MGN (α, β) mapping through a set of fundamental in-
equalities, forming the basis for subsequent convergence and fixed point results.
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Lemma 3.1. Let (M, ∥.∥) be a B.S., T be a subset(nonempty) of M and Ψ : T → CB(T ) be an MGN
(α, β) map. Then, for each u, v ∈ T, ∃ α, β,∈ [0, 1), η ∈ [0, 1] with β ≤ α and α + β < 1, the following
are true:

(i) H(Ψu,Ψw) ≤ ∥u− w∥ , ∀w ∈ Ψu;

(ii) either η
2d(u,Ψu) ≤ ∥u− v∥ holds true or η

2d(w,Ψw) ≤ ∥w − v∥ , ∀w ∈ Ψu;

(iii) eitherH(Ψu,Ψv) ≤ αd(v,Ψu)+βd(u,Ψv)+(1−(α+β)) ∥u− v∥ orH(Ψw,Ψv) ≤ αd(v,Ψw)+
βd(w,Ψv) + (1− (α+ β)) ∥w − v∥ ,∀w ∈ Ψu.

Proof.

(i) Given η ∈ [0, 1], we have

η

2
d(u,Ψu) < d(u,Ψu) ≤ ∥u− w∥ , for all w ∈ Ψu

Then from definition (3.1), we get

H(Ψu,Ψw) ≤ αd(w,Ψu) + βd(u,Ψw) + (1− (α+ β)) ∥u− w∥
= βd(u,Ψw) + (1− (α+ β)) ∥u− w∥
≤ β ∥u− w∥+ βd(w,Ψw) + (1− (α+ β)) ∥u− w∥
= βd(w,Ψw) + (1− α) ∥u− w∥
≤ βd(w,Ψu) + βH(Ψu,Ψw) + (1− α) ∥u− w∥
= βH(Ψu,Ψw) + (1− α) ∥u− w∥

⇒ H(Ψu,Ψw) ≤ βH(Ψu,Ψw) + (1− α) ∥u− w∥ .

which gives, H(Ψu,Ψw) ≤ (1− α)

(1− β)
∥u− w∥ ≤ ∥u− w∥ .

(ii) We establish the result using a contradiction approach. Let

η

2
d(u,Ψu) > ∥u− v∥ and η

2
d(w,Ψw) > ∥w − v∥

from (i), we obtain

d(w,Ψw) ≤ H(Ψu,Ψw) ≤ ∥u− w∥

≤ ∥u− v∥+ ∥v − w∥ < η

2
d(u,Ψu) +

η

2
d(w,Ψw)

⇒ d(w,Ψw) <
η

(2− η)
d(u,Ψu) < d(u,Ψu).

Since,

d(u,Ψu) ≤ ∥u− w∥ ≤ ∥u− v∥+ ∥v − w∥

<
η

2
d(u,Ψu) +

η

2
d(w,Ψw) < ηd(u,Ψu) ≤ d(u,Ψu), for w ∈ Ψu,

⇒ d(u,Ψu) < d(u,Ψu), a contradiction,which proves (ii).

(iii) It can be proved from (ii), by using definition of MGN (α, β)mapping.
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The subsequent results provide a quantitative bound on H(Ψu,Ψv) in terms of d(u,Ψu) and
||u − v||, thereby reflecting the localized contractive nature of mappings satisfying MGN (α, β)
condition and linking their approximate fixed point property with a continuity-like control over
the mapping’s behavior.

Lemma 3.2. Let T be a subset (nonempty) of a B.S. (M, ∥.∥) and Ψ : T → CB(T ) be an MGN (α, β)
mapping, then

H(Ψu,Ψv) ≤ (2− (α2 + β2))

(1− β)
2 d(u,Ψu) + ∥u− v∥ for all u, v ∈ T.

Proof. For u ∈ T, since, Ψu is proximinal, there exists a point w ∈ Ψu satisfying ∥w − u∥ =
d(u,Ψu). Also as η ∈ [0, 1], η

2d(u,Ψu) < d(u,Ψu) . Since, Ψ is an MGN (α, β) mapping, so by
definition

H(Ψu,Ψw) ≤ αd(w,Ψu) + βd(u,Ψw) + (1− (α+ β)) ∥u− w∥ ,
= βd(u,Ψw) + (1− (α+ β)) ∥u− w∥
≤ βd(u,Ψu) + βH(Ψu,Ψw) + (1− (α+ β)) ∥u− w∥ ,

which on using ∥w − u∥ = d(u,Ψu) gives,

H(Ψu,Ψw) ≤ β ∥u− w∥+ βH(Ψu,Ψw) + (1− (α+ β)) ∥u− w∥
= βH(Ψu,Ψw) + (1− α) ∥u− w∥ ,

which gives

H(Ψu,Ψw) ≤ (1− α)

(1− β)
∥u− w∥ .

From Lemma 3.1, we get ∀u, v ∈ T , either

(i) H(Ψu,Ψv) ≤ αd(v,Ψu) + βd(u,Ψv) + (1− (α+ β)) ∥u− v∥ , or

(ii) H(Ψw,Ψv) ≤ αd(v,Ψw) + βd(w,Ψv) + (1− (α+ β)) ∥w − v∥ .

If (i) holds, then

H(Ψu,Ψv) ≤ αd(v,Ψu) + βd(u,Ψv) + (1− (α+ β)) ∥u− v∥
≤ αd(v, u) + αd(u,Ψu) + βd(u,Ψu) + βH(Ψu,Ψv)

+ (1− (α+ β)) ∥u− v∥
= (α+ β)d(u,Ψu) + βH(Ψu,Ψv) + (1− β) ∥u− v∥

⇒ H(Ψu,Ψv) ≤ (α+ β)

(1− β)
d(u,Ψu) + ∥u− v∥ .

If (ii) holds, we obtain

H(Ψw,Ψv) ≤ αd(v,Ψw) + βd(w,Ψv) + (1− (α+ β)) ∥w − v∥ .
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Also,

H(Ψu,Ψv) ≤ H(Ψu,Ψw) +H(Ψw,Ψv)

≤ (1− α)

(1− β)
∥u− w∥+ αd(v,Ψw) + βd(w,Ψv) + (1− (α+ β)) ∥w − v∥

≤ (1− α)

(1− β)
∥u− w∥+ α ∥v − u∥+ αd(u,Ψu) + αH(Ψu,Ψw) + β ∥w − u∥

+ βd(u,Ψu) + βH(Ψu,Ψv) + (1− (α+ β)) ∥w − u∥+ (1− (α+ β)) ∥u− v∥

≤ (1− α)

(1− β)
∥u− w∥+ αH(Ψu,Ψw) + βH(Ψu,Ψv) + (1− α) ∥w − u∥

+ (1− β) ∥u− v∥+ (α+ β) ∥u− w∥ .

⇒ H(Ψu,Ψv) ≤ (
(1− α)

(1− β)
+ (1− α) + (α+ β)) ∥u− w∥+ αH(Ψu,Ψw) + βH(Ψu,Ψv)

+ (1− β) ∥u− v∥

=
(2− α− β2)

(1− β)
∥u− w∥+ αH(Ψu,Ψw) + βH(Ψu,Ψv) + (1− β) ∥u− v∥

≤ (2− α− β2)

(1− β)
∥u− w∥+ α(

(1− α)

(1− β)
∥u− w∥+ βH(Ψu,Ψv) + (1− β) ∥u− v∥

=
(2− α2 − β2)

(1− β)
∥u− w∥+ βH(Ψu,Ψv) + (1− β) ∥u− v∥

⇒ H(Ψu,Ψv) ≤ (2− (α2 + β2))

(1− β)
2 d(u,Ψu) + ∥u− v∥ .

The next result shows that forMGN (α, β)maps, proximity to a fixed point ensures continuity-
like control over the images of neighboring points, a property essential in the study of iterative
convergence.

Lemma 3.3. Suppose Ψ : T → CB(T ) be an MGN (α, β) map, where T (̸= ∅) is a subset of a B.S.
(M, ∥.∥) . Then, ∀ u, v, w ∈ T

d(u,Ψv) ≤
(︂3− 2β − α2

(1− β)2

)︂
d(u,Ψu) + ∥u− v∥

Proof. By Lemma 3.1, we have for all u, v ∈ T and w ∈ Ψu, either

case (i) H(Ψu,Ψv) ≤ αd(v,Ψu) + βd(u,Ψv) + (1− (α+ β)) ∥u− v∥ ,

case (ii) H(Ψw,Ψv) ≤ αd(v,Ψw) + βd(w,Ψv) + (1− (α+ β)) ∥w − v∥ .
If first case holds true, then we get,

d(u,Ψv) ≤ d(u,Ψu) +H(Ψu,Ψv)

≤ d(u,Ψu) + αd(v,Ψu) + βd(u,Ψv) + (1− (α+ β)) ∥u− v∥

which gives,

d(u,Ψv) ≤ 1 + α

1− β
d(u,Ψu) + ∥u− v∥ .
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If second holds true, and let w′ ∈ Ψu be s.t. ∥w′ − u∥ = d(u,Ψu).

Applying Lemma 3.1 (i) & (iii), it follows that

d(u,Ψv) ≤ d(u,Ψu) +H(Ψu,Ψw′) +H(Ψw′,Ψv)

≤ d(u,Ψu) +
1 + α

1− β
∥w′ − u∥+H(Ψw′,Ψv)

≤
(︂
1 +

1 + α

1− β

)︂
d(u,Ψu) + αd(v,Ψz′) + βd(w′,Ψv) + (1− (α+ β)) ∥w′ − v∥

≤
(︂
1 +

1 + α

1− β

)︂
d(u,Ψu) + αd(v,Ψu) + αH(Ψu,Ψw′) + β ∥w′ − u∥+ βd(u,Ψv)

+ (1− (α+ β)) ∥w′ − u∥+ (1− (α+ β)) ∥u− v∥

≤
(︂
1 +

1 + α

1− β

)︂
d(u,Ψu) + αd(v,Ψu) + α

(︂1 + α

1− β

)︂
∥w′ − u∥+ β ∥w′ − u∥

+ βd(u,Ψv) + (1− (α+ β)) ∥w′ − u∥+ (1− (α+ β)) ∥u− v∥ ,

which gives

d(u,Ψv) ≤
(︂3− 2β − α2

(1− β)2

)︂
d(u,Ψu) + ∥u− v∥ .

The following theorem extends the classical demiclosed principle to MGN (α, β)maps, estab-
lishing that weak limits of approximate fixed point sequences coincide with true fixed points and
thus form a fundamental link between weak convergence and fixed point existence.

Theorem 3.1. Consider T (̸= ∅) to be a closed convex subset of a uniformly convex Banach space (UCBS)
(M, ∥.∥) satisfying (1), {un} be a sequence inM and Ψ : T → CB(T ) be an MGN (α, β) mapping. If
the sequence {un} is weakly convergent to some point u ∈ T and lim inf

n→∞
d(un, Sun) = 0, then u ∈ Ψu, or

equivalentely (I −Ψ) is demiclosed at zero.

Proof. For every n ∈ N, ∃ wn ∈ Ψu such that ∥un − wn∥ = d(un,Ψu), since u ∈ T and Ψu is closed
and bounded. Then, by Lemma 3.2,

∥un − wn∥ = d(un,Ψu) ≤ d(un,Ψun) +H(Ψun,Ψu)

≤ d(un,Ψun) +
(2− (α2 + β2))

(1− β)
2 d(un,Ψun) + ∥un − u∥ .

Taking limit infimum on both sides and employing the condition that
lim inf
n→∞

d(un,Ψun) = 0, we get

lim inf
n→∞

∥un − wn∥ ≤ lim inf
n→∞

∥un − u∥ , ∀n ∈ N. (3)

Using the hypothesis that {un} converges weakly to u and the Banach space M satisfies (1), for
any n ∈ N, if wn ̸= u,we get,

lim inf
n→∞

∥un − u∥ < lim inf
n→∞

∥un − wn∥ ,

which contradicts (3), Thus, we have wn = u,∀n ∈ N.
Also, since, wn ∈ Ψu, we have u ∈ Ψu,which shows that, the operator (I−Ψ) has demiclosedness
property at zero.
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3.2 Convergence Results

We give a variant of M-iterative process in this section for finding common fixed points of three
MGN (α, β)mappings within the framework of Banach space.

In 2018, Ullah & Arshad [41] defined M-iterative process as: Let T (̸= ∅) be a subset of a B.S.
(M, ∥.∥) and Ψ : T → T be a mapping, the sequence {xn} defined as below is known as M-
iteration scheme. ⎧⎪⎪⎨⎪⎪⎩

x0 ∈ C,
zn = (1− αn)xn + αnΨxn,

yn = Ψzn,
xn+1 = Ψyn.

(4)

In 2021, Ullah et. al. [42] gave a multivalued version of M-iteration process:

Let Ψ : T → CB(T ) be a multivalued mapping defined on a subset T (̸= ∅) of a B.S. (M, ∥.∥), the
multivalued version of M-iteration process is given by the sequence {xn} defined as:⎧⎪⎪⎨⎪⎪⎩

x0 ∈ C,
zn = (1− αn)xn + αnun,

yn = wn,
xn+1 = vn,

(5)

where un ∈ Ψxn, wn ∈ Ψzn and vn ∈ Ψyn.

Now, we extend the M-iterative process for three MGN (α, β)maps.

Let T (̸= ∅) be a subset of a B.S. (M, ∥.∥) and Ψ1,Ψ2,Ψ3 : T → CB(T ) be three MGN (α, β)
mappings, the sequence {xn} defined as follows:

⎧⎪⎪⎨⎪⎪⎩
x0 ∈ C,

zn = (1− αn)xn + αnun,where un ∈ Ψ1xn
yn = wn ∈ Ψ3zn,
xn+1 = vn ∈ Ψ2yn,

(6)

The following lemmas will be used in the subsequent results.

Lemma 3.4. [32] “Let αn be a sequence of real numbers in a UCBS (M, ∥.∥) such that 0 < p ≤ αn ≤
q < 1 for all n ∈ N. Consider two sequences {un} and {vn} inM with lim sup

n→∞
∥vn∥ ≤ k, lim sup

n→∞
∥un∥ ≤

k and lim sup
n→∞

∥αnun + (1− αn)vn∥ ≤ k for some k ≥ 0.Then, it follows that lim
n→∞

∥un − vn∥ = 0."

The following lemma establishes the asymptotic regularity of the sequence (6) generated by
mappings Ψ1,Ψ2,Ψ3 satisfying condition(3.1) with respect to the common fixed point set.

Lemma 3.5. Let Ψ1,Ψ2,Ψ3 : T → CB(T ) be defined on a compact convex subset T (̸= ∅) of a UCBS
(M, ∥.∥), satisfying (3.1) such that F (Ψ1) ∩ F (Ψ2) ∩ F (Ψ3) ̸= ∅ and Ψig = {g} (i = 1, 2, 3) ∀ g ∈
F (Ψ1)∩F (Ψ2)∩F (Ψ3). Let {un} be the sequence given by (6), then, lim

n→∞
∥xn − g∥ exists ∀g ∈ F (Ψ1)∩

F (Ψ2) ∩ F (Ψ3).

1107



S.Yadav & B.Chamola Malaysian J. Math. Sci. 20(3): 1097–1119(2026) 1097 - 1119

Proof. Since,Ψ1,Ψ2,Ψ3 satisfy (3.1) and g ∈ F (Ψ1)∩F (Ψ2)∩F (Ψ3), by Proposition 3.1, we have,
H(Ψ1xn,Ψ1g) ≤ ∥xn − g∥ ,H(Ψ2yn,Ψ2g) ≤ ∥yn − g∥ and H(Ψ3zn,Ψ3g) ≤ ∥zn − g∥.

Now,

∥zn − g∥ = ∥(1− αn)xn+αnun − g∥
≤ (1− αn) ∥xn − g∥+αn ∥un − g∥
≤ (1− αn) ∥xn − g∥+αnH(Ψ1xn,Ψ1g)

≤ (1− αn) ∥xn − g∥+αn ∥xn − g∥ = ∥xn − g∥

⇒ ∥zn − g∥ ≤ ∥xn − g∥ .

In a similar way,

∥yn − g∥ = ∥wn − g∥ ≤ H(Ψ3zn,Ψ3g) ≤ ∥zn − g∥

⇒ ∥yn − g∥ ≤ ∥zn − g∥ .

Proceeding as above, we get

∥xn+1 − g∥ = ∥vn − g∥ ≤ H(Ψ2yn,Ψ2g) ≤ ∥yn − g∥ ≤ ∥zn − g∥

⇒ ∥xn+1 − g∥ ≤ ∥xn − g∥

Thus, ∥xn − g∥ is bounded and non-increasing, and so lim
n→∞

∥xn − g∥ exists for g ∈ F (Ψ1) ∩
F (Ψ2) ∩ F (Ψ3).

The lemma given below refines the preceding result by proving the pointwise asymptotic reg-
ularity of the sequence (6), ensuring that each iterate approaches an approximate fixed point of
the mappings Ψi(i = 1, 2, 3).

Lemma 3.6. Let M,T,Ψi(i = 1, 2, 3) be as stated in Lemma 3.5 and {xn} be the sequence given by the
M-iteration process (6), then we have
lim
n→∞

d(xn,Ψ1xn) = lim
n→∞

d(xn,Ψ2xn) = lim
n→∞

d(xn,Ψ3xn) = 0.

Proof. Since, Ψ1,Ψ2,Ψ3 are MGN (α, β) mappings and g ∈ F (Ψ1) ∩ F (Ψ2) ∩ F (Ψ3), by Proposi-
tion 3.1(iii), we have H(Ψ1xn,Ψ1g) ≤ ∥xn − g∥ ,H(Ψ2yn,Ψ2g) ≤ ∥yn − g∥ and H(Ψ3zn,Ψ3g) ≤
∥zn − g∥. From which it follows that lim

n→∞
∥xn − g∥ exists using Lemma 3.5. Let us assume that

lim
n→∞

∥xn − g∥ = k. (7)

Since,

∥un − g∥ ≤ H(Ψ1xn,Ψ1g) ≤ ∥xn − g∥ ,

∥vn − g∥ ≤ H(Ψ2yn,Ψ2g) ≤ ∥yn − g∥ ≤ ∥zn − g∥ ≤ ∥xn − g∥ ,

and
∥wn − g∥ ≤ H(Ψ3zn,Ψ3g) ≤ ∥zn − g∥ ≤ ∥xn − g∥ ,

So, lim sup
n→∞

∥un − g∥ ≤ k , lim sup
n→∞

∥vn − g∥ ≤ k and lim sup
n→∞

∥wn − g∥ ≤ k (8)

Now, since
∥xn+1 − g∥ = ∥vn − g∥ ,
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it follows that
k ≤ lim inf

n→∞
∥vn − g∥ , (9)

From (8) & (9)
lim
n→∞

∥vn − g∥ = k. (10)

Now,

k = lim
n→∞

∥vn − g∥ ≤ H(Ψ2yn,Ψ2g) ≤ ∥yn − g∥ ≤ ∥zn − g∥

≤ (1− αn) ∥xn − g∥+αn ∥un − g∥
≤ k.

As a result, we obtain
lim
n→∞

(1− αn) ∥xn − g∥+αn ∥un − g∥ =k. (11)

Therefore, by (7), (10), (11) and Lemma 3.4, we have

lim
n→∞

∥xn − un∥ = 0

i.e., lim
n→∞

d(xn,Ψ1xn) = 0.

Similarly, we get
lim

n→∞
d(xn,Ψ2xn) = lim

n→∞
d(xn,Ψ3xn) = 0.

The following theorem connects the established asymptotic regularity of the iterative pro-
cess(6) with its convergence behavior, ensuring that every subsequential limit of the generated
sequence is a common fixed point of the mappings.

Theorem 3.2. LetM,T,Ψi(i = 1, 2, 3) be as described in Lemma 3.5 and {xn} be the sequence generated
by the iterative process (6). If for any convergent subsequence {xni

} of {xn} converges to g, then g ∈
F (Ψ1) ∩ F (Ψ2) ∩ F (Ψ3).

Proof. Let lim
n→∞

∥xni
− g∥ = 0 . Then from Lemma 3.3 and Lemma 3.6, we have

d(g,Ψ1g) ≤ ∥g − xni∥+ d(xni ,Ψ1g)

≤ ∥g − xni∥+
(︂3− 2β − α2

(1− β)2

)︂
d(xni

,Ψ1xni
) + ∥g − xni

∥

= 2 ∥g − xni
∥+

(︂3− 2β − α2

(1− β)2

)︂
d(xni

,Ψ1xni
).

Taking limit n→ ∞ on both sides it gives, lim
n→∞

d(g,Ψ1g) = 0 , i.e., g ∈ F (Ψ1). Similarly, it can be
shown that g ∈ F (Ψ2) and g ∈ F (Ψ3). Hence, we get g ∈ F (Ψ1) ∩ F (Ψ2) ∩ F (Ψ3).

We now prove the strong convergence of the sequence given by the iteration scheme (6) to a
common fixed point of three MGN (α, β)maps.
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Theorem 3.3. LetM,T,Ψi(i = 1, 2, 3) be as defined in Lemma 3.5. Then the sequence {xn} generated by
the iterative process (6) converges strongly to a common fixed point of Ψ1,Ψ2 and Ψ3.

Proof. Given the compactness of T, a subsequence {xni} ⊂ {xn} exists which converges strongly
to a point g ∈ T , i.e., lim

n→∞
∥xni − g∥ = 0. By Theorem 3.2, we get g ∈ F (Ψ1) ∩ F (Ψ2) ∩ F (Ψ3),

and hence by Lemma 3.5, lim
n→∞

∥xn − g∥ exists and it must be same as lim
n→∞

∥xni
− g∥ .

∴ lim
n→∞

∥xn − g∥ = 0.

Thus, the sequence {xn} converges strongly to g ∈ F (Ψ1) ∩ F (Ψ2) ∩ F (Ψ3).

Now, on putting Ψ1 = Ψ2 = Ψ3 = Ψ in Theorem 3.3 and considering Ψ to be a single-valued
mapping the following result of [41] is obtained.

Corollary 3.1. [41] “Let T (̸= ∅) be a compact convex subset of a UCBS (M, ∥.∥) and Ψ : T → T be a
Suzuki generalized nonexpansive mapping with F (Ψ) ̸= ∅. For arbitrarily chosen x0 ∈ C, let the sequence
{xn} be generated by (4), then {xn} converges strongly to a fixed point of Ψ.”

Also, by taking Ψ1 = Ψ2 = Ψ3 = Ψ in our proposed iterative process (6) and using Theorem
3.3, we get the following result of [42].

Corollary 3.2. [42] “Let Ψ : T → CB(T ) be an MGN (α, β) mapping defined on a compact convex
subset T (̸= ∅) of a UCBS (M, ∥.∥). Assume that F (Ψ) ̸= ∅and Ψg = {g} for each g ∈ F (Ψ). Let {xn}
be the sequence generated by (5), then {xn} converges strongly to a fixed point of Ψ.”

Next, we present an example to substantiate the preceding results.

Example 3.3. Let M = R, T = [0,∞) and Ψ1,Ψ2,Ψ3 : T → CB(T ) be three multivalued mappings
defined by

Ψ1(x) =

{︄
[0, x3 ] if x ̸= 3

[0, 3] if x = 3
, Ψ2(x) =

{︄
[0, x4 ] if x ̸= 4

4 if x = 4
, Ψ3(x) =

{︄
[0, x5 ] if x ̸= 5

3 if x = 5
.

Then, Ψ1,Ψ2,Ψ3 are MGN (α, β) mappings satisfying the conditions of Theorem 3.3, so the
sequence {xn} defined by the iterative scheme (6) converges strongly to their common fixed point
g = 0.
Fig.1 shows the convergence rate of the iterative sequence {xn} generated by above threemappings
Ψ1,Ψ2,Ψ3 for parameter αn = 0.1 : 0.1 : 0.9 on taking different initial values x0 = 1, 20, 50, 100.
It can also be observed from Fig. 1 that when the parameters are set very near to zero, the iterative
sequence takes more steps to converge.
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(a) αn = 0.1 (b) αn = 0.2

(c) αn = 0.3 (d) αn = 0.4

(e) αn = 0.5 (f) αn = 0.6
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(g) αn = 0.7 (h) αn = 0.8

(i) αn = 0.9

Figure 1: Convergence rate of the sequence xn for parameter αn = 0.1 : 0.1 : 0.9 for different initial values x0 (Example 3.3).

3.3 Stability Result

Stability of iterative schemes is essential for achieving reliable, accurate, and convergent re-
sults which is critical in applications ranging from computational mathematics to engineering
and scientific modeling where fixed-point methods are often utilized. Harder [11] defined stabil-
ity of iterative schemes for single valued maps in metric spaces. The concept of stability of fixed
point iterative procedures has been widely studied, beginning with early results by Harder and
Hicks [12] and further developed by Berinde [7], among many others. Singh and Chadha [37],
utilizing Nadler’s theorem [20], generalized Ostrowski’s theorem [23] to apply to multivalued
contractions, and proposed the following definition of stability for iterative methods involving
multivalued mappings in metric spaces.
Let M be a metric space and Ψ : M → CL(M) be a multivalued mapping. Consider the initial
point u0 ∈ M and define the Picard iteration by un+1 ∈ f(Ψ, un). Let {un} be a sequence con-
verging to a fixed point g of the mappingΨ and consider an arbitrary sequence {an} ⊂M.Define
ϵn = H(an+1, f(Ψ, an)). The iteration f(Ψ, an) is said to possess Ψ− stablility whenever

lim
n→∞

ϵn = 0 =⇒ lim
n→∞

an = g.
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The following lemma given by Berinde [7] shall be used in the subsequent result.

Lemma 3.7. “If δ is a real number such that 0 ≤ δ < 1 and {ϵn}∞n=0 is a sequence of positive numbers such
that lim

n→∞
ϵn = 0, then for any sequence of positive numbers {tn}∞n=0 satisfying tn+1, ≤ δtn + ϵn, n =

0, 1, 2, . . . , we have, lim
n→∞

tn = 0."

Next, we prove that the iterative scheme (6) exhibits Ψi− stablity for a contraction map.

Theorem 3.4. Let T (̸= ∅) be a closed convex subset of a UCBS (M, ∥.∥). LetΨi :M → P (T )(i = 1, 2, 3)
be three multivalued contraction mappings with θ ∈ (0, 1). Let {un} be a sequence generated by (6) where

αn ∈ (0, 1), then lim
n→∞

||un − g|| exists ∀g ∈
3⋂︁

i=1

F (Ψi). Then the iterative process (6) is Ψi−stable.

Proof. Nadler’s generalization [20] of Banach contraction principle ensures that the mappings
Ψi(i = 1, 2, 3) have a common fixed point. We will show that un converges to some common
fixed point of Ψi(i = 1, 2, 3). From the iterative process (6)

||wn − g|| = (1− αn)un + αnun − g||
≤ ||(1− αn)||un − g||+ αn||un − g||
≤ ||(1− αn)||un − g||+ αnd(un,Ψ1g)

≤ ||(1− αn)||un − g||+ αnH(Ψ1un,Ψ1g)

≤ ||(1− αn)||un − g||+ αnθ||un − g||,

⇒ ||wn − g|| ≤ (1− αn(1− θ))||un − g||,

||vn − g|| = ||wn − g|| ≤ d(wn,Ψ3g) ≤ H(Ψ3wn,Ψ3g) ≤ θ||wn − g||
≤ θ(1− αn(1− θ))||un − g||.

Also,
||un+1 − g|| = ||vn − g|| ≤ d(vn,Ψ2g) ≤ H(Ψ2vn,Ψ2g) ≤ θ||vn − g||

||un+1 − g|| ≤ θ2(1− αn(1− θ))||un − g||. (12)

By repeating the above process, we get

||un+1 − g|| ≤ θ2(1− αn(1− θ))||un − g||,

Therefore, we obtain

||un+1 − g|| ≤ θ2(k+1)
n∏︂

k=0

(1− αk(1− θ))||u0 − g||.

Since, θ ∈ (0, 1), αn ∈ (0, 1) and (1− αk(1− θ) < 1 for k = 0, 1, 2, ...,
Also since, (1− u) ≤ e−u, ∀u ∈ (0, 1), it follows that

||un+1 − g|| ≤ θ2(n+1)e−(1−θ)
∑︁n

k=0 αk ||u0 − g||,

which shows that {un} converges to the common fixed point of Ψi(i = 1, 2, 3).
Let an be any arbitrary sequence in M generated by (6) and the iterative process be given by
an+1 = f(Ψi, an). Set ϵn = H(an+1, f(Ψi, an)(i = 1, 2, 3) for n = 0, 1, 2...,
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To prove that lim
n→∞

ϵn = 0 =⇒ lim
n→∞

an = g. Suppose that limn→∞ϵn = 0, on using (6) and (12)
we get

||an+1 − g|| ≤ ||an+1 − f(Ψi, an)||+ ||f(Ψi, an)− g||
≤ H(an+1, f(Ψi, an)) + θ2(1− αn(1− θ))||an − g||
= ϵn + θ2(1− αn(1− θ))||an − g||,

which on using Lemma 3.7 gives lim
n→∞

an = g. Conversely, let lim
n→∞

an = g we get,

ϵn = H(an+1, f(Ψi, an))

≤ H(an+1, g) +H(g, f(Ψi, an))

≤ ||an+1 − g||+ ||f(Ψi, an)− g||
≤ ||an+1 − g||+ θ2(1− αn(1− θ))||an − g||

which tends to 0 as n→ ∞ i.e. lim
n→∞

ϵn = 0. Hence, the iterative process (6) is stable with respect
to ψi(i = 1, 2, 3).

An illustrative example is now provided to support the results discussed above.

Example 3.4. Let M=R, T = [0,∞) and Ψ1,Ψ2,Ψ3 : T → CB(T ) be three multivalued mappings
defined by

Ψ1(u) =
{︁ [︁

0, u3
]︁

u ∈ [0, 1] , Ψ2(u) =
{︁ [︁

0, sinu3

]︁
u ∈ [0, 1] and

Ψ3(u) =
{︂ [︂

0, u
2

3

]︂
u ∈ [0, 1] .

Then, Ψ1,Ψ2,Ψ3 are MGN (α, β) mappings satisfying the conditions of Theorem 3.3, so the
sequence {un} given by the iterative scheme (6) converges strongly to their common fixed point
g = 0.
Influence of parameter αn on the convergence of sequence un generated by the above three map-
pings Ψ1,Ψ2,Ψ3, for different initial values u0 can be observed from Fig.2. It shows that the iter-
ative method (6) is stable irrespective of the selection of parameter αn and initial value u0.

(a) αn = n
n+1

(b) αn = n
n10+1
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(c) αn = n
5√n+1

(d) αn = 0.75

Figure 2: Influence of parameter αn on the convergence of sequence un for different initial values u0 (Example 3.4).

4 Application

The concept of Volterra-type integral inclusion extends the classical theory of integral equa-
tions to include set-valued functions which finds applications across diverse scientific and engi-
neering disciplines due to their ability to model systems exhibiting memory, feedback, and non-
local interactions.
Wewill use Theorem3.3 to establish the existence of a solution for the following systemofVolterra-
type integral inclusion equations

u(q) ∈ g(q) +

∫︂ q

a

Wi(q, j, u(j)) dj, q ∈ [a, b], i = 1, 2, 3 (13)

whereWi : [a, b]× [a, b]× R⇒ KC(T ) and g : [a, b] → R is a continous function.
Let the space of all continous real valued functions on [a, b] be denoted byM = C([a, b],R) . Define
the distance function d(u, t) = supq∈[a,b] |u(q)− t(q)|, ∀u ∈M. Then, (M,d) is a metric space.

Theorem 4.1. Consider the equation (13) under the assumptions:

(i) Wi : [a, b] × [a, b] × R → KC(T ) and g : [a, b] → R are a continous function,W is compact and
convex,

(ii) for all s, t ∈M, miu(q, j) ∈Wiu(q, j), there exists tiv (q, j) ∈Wiv (q, j), such that
|miu(q, j)− tiv (q, j)| ≤ |u− v|, i = 1, 2, 3.

Consequently, a solution u(q) ∈M exists for the system of integral equations (13).

Proof. Define the multivalued mappings Ψ1,Ψ2,Ψ3 : C([a, b],R) → CP (C([a, b],R)) by

Ψiu(q) =

{︃
s ∈M : s ∈ g(q) +

∫︂ q

a

Wi(q, j, u(j)) dj, q ∈ [a, b], i = 1, 2, 3

}︃
. (14)

then u is a solution of system of equations (13) if and only if it is a common fixed point of the
multivalued mappings Ψ1,Ψ2,Ψ3.
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Assuming thatWiu = Wi(q, j, u(j)) for each q, j ∈ [a, b], thenWiu : [a, b] × [a, b] → KC(T ), there
exists a continous single valued function miu : [a, b] × [a, b] → R, so that miu ∈ Wiu according to
Micheal selection theorem [19]. Consequently, g(q) +

∫︁ q

a
miu(q, j) dj ∈ Ψi(q), which implies Ψiu

is nonempty and hence is compact.
Now, by assumption (ii), for i = 1, 2, 3, there exists tiv (q, j) ∈Wiv (q, j), such that

|miu(q, j)− tiv (q, j)| ≤ |u− v| , q ∈ [a, b].

Let us define the multivalued operator by

t(q) = g(q) +

∫︂ q

a

tiv (q, j) dj ∈ g(q) +

∫︂ q

a

Wi(q, j, v(j)) dj, q ∈ [a, b], i = 1, 2, 3

Then,

d(s, t) ≤ supq∈[a,b] | u(q)− v(q) |

≤ supq∈[a,b]

⃓⃓⃓⃓
[g(q) +

∫︂ q

a

miu(q, j) dj]− [g(q) +

∫︂ q

a

tiv (q, j) dj]

⃓⃓⃓⃓
≤| miu(q, j)− tiv (q, j) | supq∈[a,b]

∫︂ q

a

dj

≤ |u− v| = d(u, v).

If we interchange the roles of u and v,we obtainH(Ψiu,Ψiv) ≤ d(u, v),which implies thatΨi(i =
1, 2, 3) are nonexpansive and hence MGN (α, β) mappings. It follows from Theorem 3.3 that the
system of integral equations (13) has a solution obtained through the iterative process (6).

5 Conclusion

To approximate common fixed points of three MGN (α, β) mappings in the setting of Banach
spaces, we first introduce an extended M-iterative approach. The convergence and stability of the
iterative scheme (6) are demonstratedwith appropriate assumptions. Our results generalize some
of the existing results in the literature. To illustrate the convergence and stability of the proposed
approach, several numerical examples are presented.
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